Abstract: In general, to control industrial processes that show an inverse response output is difficult. This difficulty arises because achievable performance and robustness levels are competing factors that the designer has to deal with. In this paper we focus on proportional integral derivative (PID) control of inverse response processes, in particular with the Direct Synthesis design for disturbance rejection DS-d tuning method of Chen and Seborg. The paper presents equations that link the control system design performance parameter (closedloop control system speed) with its minimum robustness level, measured with the maximum sensitivity M S , for the mentioned tuning method. In this way, the proposed result allows to obtain robust PID control systems with M S ≤ 2 for inverse response processes. The examples show the effectiveness of the proposed design parameter lower limit estimation for the DS-d tuning method.
INTRODUCTION
Inverse response processes originated by two parallel competing dynamics are present in several industrial and chemical systems, such as boilers and chemical reactors (Marlin, 2000) . These processes present serious challenges for control design due to these competing dynamics and impose fundamental limitations to the performance and robustness attainable levels (Skogestad and Postlethwaite, 1996) .
Proportional integral derivative (PID) control of inverse response processes have received attention regarding control structures such as the internal model control (IMC) (Morari and Zafirou, 1990) and PID parameters tuning (Luyben, 2003) . Analytical IMC-based tuning of PI/PID controllers for inverse response controlled processes are presented in Chen et al. (2006) ; Chien et al. (2003) ; Scali and Rachid (1998) . All these methods included one design parameter, normally denoted as λ (the IMC-controller filter time constant), that is selected using only performance considerations, although it also affects the control systems relative stability (its robustness to changes in the controlled process characteristics).
Robustness is an important attribute for control systems, because the design procedures are usually based on the use of low-order linear models identified at the control system operation point. Due to the non-linearities of most of the industrial processes, it is necessary to consider the expected changes in the process characteristics assuming certain relative stability margins, or robustness requirements, for the control system. Therefore, the design of the closed-loop control system must take into account the system performance and its robustness considering the well-known trade-off between them.
In particular we consider the Direct Synthesis design for disturbance rejection DS-d tuning method of Chen and Seborg (2002) . This method uses a regulatory control third-order target closed-loop transfer function with only one tuning parameter, τ c , defined as the ratio of the closedloop system time constant T c to the controlled process main time constant T , (τ c . = T c /T ). For the cited DS-d tuning method, there is no criteria for the selection of the performance design parameter τ c that provides a suitable robustness level.
In this paper we propose an estimation of the minimum τ c value (maximum speed) that limits the control system maximum sensitivity to M S ≤ 2. This estimation is given as a function of the plant model dimensionless parameters a and b, the ratio of the two time constants and the relative position of the right half plane zero, respectively. In this way, the designer can determine what is the maximum performance level τ c attainable with the particular inverse response process at hand with a robustness limit M S ≤ 2. This is a mandatory step to do before attempting any PID tuning. Otherwise, non-robust tunings can be selected.
The paper is organized as follows. After the problem formulation in Section 2, the paper main result is established in Section 3, in which the equations that relate the performance level τ c with the robustness margin M S are derived as functions of just two parameters a and b. In Section 4 it is shown the result applicability on the PID tuning for a continuous stirred tank reactor (CSTR). The paper finishes with some conclusions. In this system, the variables of interest can be described as follows:
is the set-point for the process output, • u(s) is the controller output signal, • y(s) is the process output (controlled variable).
Also, the inverse response controlled process is represented by the second-order plus a right-half-plane-zero model given by
were K, T , a and b are the process gain, the main time constant, the ratio of the two time constants and the relative position of the right half plane zero, respectively.
We consider a standard proportional integral derivative (PID) controller (Åström and Hägglund, 1995) given by
where K p is the proportional gain, T i is the integral time constant, and T d is the derivative time constant. The derivative filter constant N usually takes values within the range from 5 to 20 (Åström and Hägglund, 2006; Visioli, 2006) . Without the loss of generality, N = 10 is used (Chen and Seborg, 2002) .
The PID controller is tuned using the DS-d method (Chen and Seborg, 2002) . This is a direct synthesis design for disturbance rejection, regulatory control, with a thirdorder target closed-loop transfer function given by
where the design parameter τ c is the ratio of the closedloop system time constant T c (T c = τ c T ) to the controlled process main time constant T . Normalized equations of the DS-d tuning are shown in the Appendix A.
ROBUSTNESS ANALYSIS
The design parameter τ c selection has a direct influence over the control system performance (the closed-loop system speed) and its robustness (the control system sensitivity to changes in the controlled process characteristics). Then its selection must take into account the existing performance/robustness trade-off.
The closed-loop control system robustness (relative stability) is measured using the maximum sensitivity M S , which is defined as follows:
Recommended values for M S are typically within the range from 1.4 to 2.0 (Åström and Hägglund, 2006) .
The use of the maximum sensitivity as a robustness measure, has the advantage that lower bounds to the gain margin, A m , and phase margin, φ m , can be assured according to (Åström and Hägglund, 2006 ) In this sense, (4) is evaluated in order to determine the design parameter, τ c , lower limit to obtain the standard minimum robustness level of M S = 2.0.
For the analysis, the controlled process model time constants ratio a is selected within the range from 0.2 to 1.0 to include controlled processes with nearly first-order, over damped second-order, and dual-pole dynamics. The relative position of the right half plane zero b is taken within the range from 0.25 to 4.0 due to the limitations to obtain a robust control system as will be showed bellow. Fig. 2 shows the lower limits for the design parameter (for five a ratios), to achieve a system robustness higher than the usual minimum (M S ≤ 2.0) with PID controllers tuned with the DS-d method.
As it can be seen, model parameters a and b, affect the control system performance/robustness relation. For any model time constants ratio a, if the right half plane zero moves towards the origin (i.e. b increases), it is necessary to decrease the closed-loop speed (increasing the design parameter τ c ). This will maintain the system robustness above the usual minimum level (M S ≤ 2.0).
For equal b values, the maximum allowed speed to achieve a robust control system, is lower for systems with similar time constants (a ≈ 1.0), than for systems with very different time constants (low a). It is also noted that for some combinations of system parameters (a, b), it is not possible to achieve a robust control system. For the considered a values in the analysis, the proximity of the zero position to the origin is limited by the b max value, as stated in Table 1 .
Therefore, using the information in Fig. 2 , it is possible to include a minimum system robustness level into the design stage, estimating a recommended maximum speed (τ cmin ). Then, for the model time constants ratios a in the analysis, by using the MATLAB R Curve Fitting Toolbox a set of equations of the form
is obtained, where the a i constants are listed in Table 1 .
Equations (7) allow to select the performance design parameter such that τ c ≥ τ cmin to obtain control systems with a robustness M S ≤ 2.0. In case that the model time constants ratio a does not coincide with the values in Table  1 an interpolation is necessary using the equations for the two nearest a values.
It can also be seen from Fig. 2 , that the recommended lower limit for the design parameter should be roughly bounded between the two dotted right lines given by
where τ l c and τ h c state for the low and high limits of τ cmin , respectively. Then, a general approximated estimation of τ cmin for any a and b values within the studied range, can be obtained assuming that for each b value the τ cmin corresponding to a ∈ {0.20, 0.40, 0.60, 0.80, 1.0} are uniformly distributed between these two lines, and given by
where the parameters must satisfy the following relation
imposed by the right half plane zero position limit b max stated in Table 1 .
Equation (10) gives a less precise estimation of the design parameter lower limit τ cmin than (7) but does not require any addition work for the cases when the model time constants ratio a is not one of the values listed in Table 1 .
Therefore, for an inverse response controlled process (1), it is possible to design a robust regulatory control system with a PID controller (2) using the DS-d normalized tuning method (18) to (20) and following the proposed recommendation for τ cmin (7) or (10), selecting the design parameter as τ c ≥ τ cmin , in order to achieve a robust control system with M S ≤ 2.0.
EXAMPLES

Example 1
Consider the following second order inverse response controlled process
with α ∈ {0.5, 1.0, 2.0, 3.0} that is a variation of the inverse response benchmark plant proposed in Åström and Hägglund (2000) . Using the inverse response model identification procedure proposed in Balaguer et al. (2011) and summarized in Appendix B, the corresponding models were obtained whose parameters are show in Table 2 .
Models information of Table 2 were used to obtain the PID parameters using (18) to (20) where the corresponding design parameter was selected with (10).
The DS-d tuning controller parameters for the selected design parameter τ c are shown in Table 3 along with the achieved robustness (M r S ). As it can be seen in Table 3 , following the proposed recommendation to obtain a robust control system (10), IFAC Conference on Advances in PID Control PID'12 Brescia (Italy), March 28-30, 2012 WeC1.5 The control system response to a 10% set-point step change followed by a 10% load-disturbance step of such systems are shown in Fig. 3 , for each case of α. It was supposed that at its normal operation point the system output y is at 70% of their normal operation range.
Example 2
In order to add completeness to the analysis, a casestudy example is provided. We consider the isothermal continuous stirred tank reactor (CSTR), as the one in Fig. 4 , where the isothermal series/parallel Van de Vusse reaction (Kravaris and Daoutidis, 1990; Van de Vusse, 1964 ) is taking place. The reaction can be described by the following scheme
Doing a mass balance, the system can be described by the following model
where F r is the feed flow rate of product A, V is the reactor volume which is kept constant during the operation, C A and C B are the reactant concentrations in the reactor, and , and k 3 = 1/6 l · mol
. Also, is assumed that the nominal concentration of A in the feed (C Ai ) is 10 mol · l −1 and the volume V = 700 l.
Using (14) and the parameters values, the characterization of the steady-state for the process can be obtained as it is shown in Fig. 5 , for three concentrations of C Ai , where is easy to see the non-linearity of the system. Initially, the system is at steady-state (therefore at the operational point) with C Ao = 2.9175 mol · l ) (Arrieta et al., 2008) . The signals (y, u, r) will be in percentage (0 to 100%).
The sensor-transmitter element takes the form
and the control valve with a linear flow characteristic, Fig. 6 shows the steady-state characterization, taking into account the instruments represented by (15) and (16). This is the called actuator-process-sensor set and from this is clearly that for the selected steady-state, r o = 70% and u o = 60%.
It is assumed that changes in the set-point would be not bigger than 10% and the possible disturbance in C Ai , can variate around ±10%.
Using the identification methodology in Appendix B (Balaguer et al., 2011 ), a linear model was obtained and given by P 2 (s) ≈P 2 (s) = 0.3199(−0.3520s + 1) (0.5619s + 1)(0.3086s + 1) . Figure 7 shows the process and the identified model (17) outputs for a step change in the process input (u(t)). It is possible to see that the identification procedure has a very good accuracy. Since model parameters, a and b, satisfy (11), using (10) the design parameter for tuning the PID controller can be selected as τ c = 0.75 ≥ τ cmin = 0.7.
Controller parameters obtained with (18) In this paper the relation of the closed-loop PID control system performance τ c with the maximum sensitivity M S was analyzed for the DS-d tuning method of Chen and Seborg (2002) . The result shows in a quantitative way that regarding the inverse response process characteristics, defined by the model dimensionless numbers a and b, there are some performance levels that are not robustly attainable.
Its usefulness in control practice has been shown by means of the PID tuning of some examples, including a continuous stirred tank reactor (CSTR).
The proposed selection criteria for the design parameter τ c allows the designer to obtain robust PID control systems with M S ≤ 2.0 for inverse response processes using the DS-d tuning rule.
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